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PRELIMINARY INVESTIGATION OF MOMENTUM DIFFUSION 
BETWEEN TWO SUPERSONIC AIRSTREAMS IN THE 
PRESENCE OF SHOCK WAVES 
By John P. Weidner and Carl  A. Trexler 
Langley Research Center 
SUMMARY 
An experimental study of compressible two-dimensional mixing between two parallel 
supersonic a i rs t reams passing through oblique shock waves has been performed, and the 
results have been compared with those of a computerized theoretical method. This 
experiment was restricted to  measurements of momentum diffusion in the near region, 
with the purpose of the study being to determine the effect of the oblique shock waves on 
mixing. The model consisted of a two-dimensional rectangular duct mounted in a Mach 4 
airstream operating at ambient temperature. The Mach 4 stream was the primary air 
through the duct, while the secondary air was injected at a higher total pressure and Mach 
number through three isentropic nozzles set into the bottom surface of the duct. The 
nozzles were oriented at such an angle relative to the primary stream as to create a se t  
of shock waves each having a turning angle of about 6.00. Total-pressure measurements 
were taken across  the mixing zone at several stations on either side of two crossing 
shock waves and were reduced to velocity profiles through the mixing zone. Average 
Mach numbers measured in the two s t reams were 3 . 5  and 4.4 ahead of the shock waves 
and 2.9 and 3.7 behind the shock waves. 
eddy viscosity in the vicinity of the shock waves. Some question remains as to whether 
this increased eddy viscosity is a result of the shock waves or a natural consequence of 
near-region mixing independent of the presence of the shock waves. 
The theoretical solution indicated an increase in 
INTRODUCTION 
Recent efforts in the design and development of ramjets employing subsonic and 
supersonic combustion have led to great interest in the turbulent mixing process in an 
environment typical of the ramjet combustor. The successful design of an efficient super- 
sonic ramjet for hypersonic speeds requires a detailed knowledge of fuel injection, mixing, 
and combustion of fuel with the air captured by the inlet. Adding to the complexity of such 
a design is the possibility of shock waves being present in the mixing and combustion 
region. The shock waves may result from either off-design operation of the inlet or 
integration of the inlet and combustor. Analytical methods have been developed and 
programed for high-speed digital computers (e.g., see ref. 1) to predict diffusion between 
two parallel gas s t reams and to provide for  the mixing and combustion of hydrogen and 
air through a diffusion- controlled combustion process. 
The mixing between two parallel s t reams may be divided into three general regions 
having different mixing characteristics - the near, transition, and far regions. 
length of the near region is commonly referred to as the potential core length. The 
potential core length begins upon contact of the two streams and ends where the smaller 
s t ream has been completely contaminated by the larger stream. Mixing in the near 
region proceeds at a slower rate than that in the far region, where similarity profiles 
exist. Also, computations in the near region are complicated by boundary-layer- induced 
wakes distorting the velocity profiles near the origin of injection. A theoretical treat- 
ment of the problem of an initially distorted velocity profile is given in reference 2. It 
has been typical of the work to date to ignore the near region, as being small compared 
with the overall mixing region, and to obtain correlations between the theory and experi- 
mental data (ref. 1) based only on data taken some distance from the potential core. How- 
ever, reference 3 indicates that the potential core length is quite large, about 20 injector 
jet radii for a mass f lux  ratio of 1.0. 
The 
The primary purpose of this preliminary investigation was to determine the effect 
of shock waves when passing through a mixing region. The near-region momentum dif- 
fusion data from this experiment were correlated with results obtained by the theoretical 
method of reference 1 for  computing mixing between two supersonic airstreams. 
The present experiment employed a two-dimensional rectangular duct, having a 
width-height ratio of 3.85, mounted in a Mach 4 airstream operating at ambient tempera- 
ture. The Mach 4 stream supplied the primary air to the duct, while the secondary air 
was injected at ambient temperature but at a higher total pressure and Mach number 
through three isentropic nozzles set  into the bottom surface of the duct. The nozzles 
were oriented relative to the primary stream so as to create a set  of shock waves each 
having a turning angle of about 6.0°. Pitot-pressure surveys were taken at six stations 
through the duct and were reduced to velocity profiles suitable for comparison with 
velocity profiles computed theoretically. The technique used to correlate the experi- 
mental data with the theoretical results of reference 1 was to establish input to the com- 
puter program from the first survey station 1.9 nozzle heights downstream of the injec- 
tion and to compare t.he theoretical predictions with experimental data at other stations 
extending as far downstream as 16.0 nozzle heights. In this manner the mixing behavior 
fore  and aft of the two crossing shock waves was studied. 
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SYMBOLS 
d exit height of first injection nozzle, 1.32 centimeters 
h duct height, 3.30 centimeters 
h' location of pitot-pressure survey probe measured from top surface of duct 
(see fig. 3), centimeters 
h i  h'-location adjusted for stream-tube expansion or compression through a 
Prandtl-Meyer turning from pe to  pc, centimeters 
J distance measured from the point on the velocity profile where the velocity 
is O.O5(V2 - Vi) 
point where the velocity is the average of the primary and secondary free- 
s t ream velocities, centimeters (see fig. 12) 









empirical constant in eddy-viscosity model 
length of pitot survey probe, centimeters 
Mach number 
local static pressure,  newtons/centimeter2 
constant static pressure chosen through mixing region at a given longitudinal 
station, newtons/centimeterZ 
static pressure estimated from measurements taken at edge of mixing region, 
newtons/centimetera 
static pressure of tunnel flow (primary airstream) ahead of model, 
0.638 newtons/centimetera for pt,2/pt,l of 2.67 and 3.34, and 
0.553 newtons/centimetera for p t , ~ / p t ,  1 of 4.0  
measured pitot pressure,  newtons/centimetera 
total pressure, newtons/centimetera 
3 
total pressure calculated through mixing region, newtons/centimetera Pt,calc 
total pressure of tunnel flow (primary airstream) ahead of model Pt, 03 
distance from the injection-nozzle center line to the point on the velocity 
profile where the velocity is the average of the primary and secondary 
free-stream velocities, centimeters (see fig. 12) 

















distance along S-axis, centimeters 
particular point on S-axis at which typical velocity profile is presented in 
figure 12 
static temperature, degrees Kelvin 
total temperature, degrees Kelvin 
estimated local total temperature, degrees Kelvin 
velocity computed through the mixing region, meters/second 
computed velocity (V) adjusted through a Prandtl-Meyer turning from pe 
to pc, meters/second 
velocity of tunnel flow (primary airstream) ahead of model, 
666 meters/second 
mixing width, centimeters 
duct width, 12.7 centimeters 
location of static-pressure orifices (see fig. 3), centimeters 
longitudinal distance through duct originating at exit plane of first injection 
nozzle (see fig. 3), centimeters 
distance from streamline axis of first injection nozzle (see fig. 12), 
centimeters 
index separating velocity profiles in y-direction, centimeters 
width of velocity profile where the velocity is within O.Ol(V2 - Vi) of the 
free-stream velocity, centimeters 
effective incident shock wave originating from second injection nozzle, 
degrees turning 
effective reflected shock wave originating from first injection nozzle, 
degrees turning 
eddy viscosity, newton- second/meter2 
density of tunnel flow (primary airstream) ahead of model, 
0.329 kilogram/meted for  ~ ~ , ~ / p t , l  of 2.67 and 3.34, and 
0.285 kilogram/meter3 for pt,2/pt,1 of 4.0 
mass flow per  unit area, kilograms/meterZ- second 
mass flow originating on center line of first injection nozzle (maximum pV 
through mixing region for present experiment), kilograms/meter2-second 
minimum mass flow within mixing region at a given longitudinal station, 
kilograms/meterZ- second 
Subscripts: 
a conditions ahead of 6b and 6, 
d conditions behind 6b and 6, 
1 primary air conditions at edge of mixing region (fig. 12) 
2 secondary air conditions at edge of mixing region (fig. 12) 
APPARATUS 
Test Section 
The model base plate (fig. 1) spanned the 22.9-cm by 22.9-cm rectangular test sec- 
tion of a Mach 4.05 channel which supplied the primary air. Test-section total pressures 
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ranged from 89.6 to 103.4 N/cm2 with a Reynolds number per  meter between 4.3 X lo7 
and 5.0 x 107. Test-section side windows 30.5 cm in diameter permitted visual and 
schlieren observation of the flow in the mixing region. 
Secondary air was supplied to the model through pipes extending through both sides 
of the test section (see fig. 2). The secondary-air total pressure ranged between 276 
and 359 N/cm2. Both the primary and secondary s t reams were at approximately ambient 
total temperature. Operation was on a continuous-flow basis, requiring a maximum total 
air supply of 18 kg/sec. 
Model 
A simplified sketch of the model assembly is shown in figure 1. All the leading- 
edge surfaces were  100 wedges, with the sidewall leading edges swept 450 to the oncoming 
air. The primary flow passage consisted of a two-dimensional rectangular duct 12.7 cm 
wide and 3.3 cm high. The upper and side surfaces of the duct were corrected for an 
estimated boundary-layer growth to yield dimensions at the end of the duct of 13.3 cm 
and 3.4 cm. The basic components making up the model were a 22.9-cm-wide base plate, 
three two-dimensional nozzles set in a recess  in the base plate to form the lower surface 
of the primary airflow duct, two sidewalls 1.27 cm thick containing observation windows, 
and a 1.27-cm-thick top plate. Photographs of the model at various stages of assembly 
may be seen in figure 2. The three nozzles were  set  at angles relative to the primary 
airflow of 6O, 1l0, and 16O. The nozzles were attached to the sidewalls, were bolted to 
the base plate at two points across  the 12.7-cm duct (to prevent nozzle deformation), and 
were vertically adjustable in order to obtain the desired Mach number at the exit of each 
injection nozzle. 
Instrumentation 
The stagnation pressure and temperature of the primary air were measured in the 
40.6-cm-diameter supply pipe upstream of the test section by using a total-pressure 
probe and a standard iron-constantan thermocouple. The total temperature of the second- 
ary air was measured in the 7.62-cm-diameter supply pipe upstream of the model; the 
stagnation pressure was measured by a pressure tube located in a region of low velocity 
in the settling chamber within the model (see fig. 1). Flow rates of the secondary air 
were measured in an upstream venturi by assuming a flow coefficient of 1.0. This coef- 
ficient was determined on the basis of calibrations of other venturis of similar design. 
The model w a s  instrumented with static-pressure orifices at the exits of the 
secondary-air injection nozzles (see fig. 1) and along the top plate (see fig. 3). The table 
in figure 3 gives the location of the static-pressure orifices along the top plate. Pitot- 
pressure profiles were measured across the flow field at each of the two access locations 
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indicated in figure 3. Because of the test-section construction, only two pitot-probe 
access locations were available through the model top plate; thus, several probes of dif- 
ferent lengths were required to obtain pressure surveys at the desired stations. A sketch 
of a typical pitot-pressure probe along with a listing of probe lengths required is given in 
figure 4. The probe tip was flattened to an inside height of 0.013 cm. The probes were 
made rigid by soldering shim stocks to the undersides. The front portions of the probes 
were alined parallel to the predicted flow direction at the station to be surveyed. 
Procedure 
Tests were conducted at three combinations of primary- and secondary-airstream 
total pressures  for each of the survey stations (x stations of 2.54, 7.62, 11.94, 18.54, 
19.84, and 21.10 cm). 
103.4 N/cm2 were used with secondary-airstream total pressures  of 358.5, 344.8, and 
275.8 N/cm2, respectively, to yield secondary- to primary-airstream total-pressure 
ratios of 4.00, 3.34, and 2.67. 
taken before and after each pitot-pressure survey. 
but different survey probe locations, static orifice data in4he duct upstream of the probe 
were compared and found to be unchanged. 
Primary-airstream total pressures  of 89.6, 103.4, and 
All the pressure orifice and thermocouple data were 
For a constant total-pressure ratio 
RESULTS AND DISCUSSION 
Theoretical and Experimental Flow Fields 
The injection nozzles for the secondary flow were designed to be isentropic and 
fully expanded behind the shock wave at pt Z/pt,l = 3.34. The resulting shock system of 
the predicted inviscid flow field is shown in figure 5(a) along with a tabulation of the pre- 
dicted static pressures  (p), total pressures  (pt), and Mach numbers between the shock 
waves in the primary and secondary supersonic streams, with the mixing phenomena 
ignored. The primary and secondary s t reams a re  divided by the streamline originating 
at the upper trailing edge of the first nozzle, as indicated in figure 5(a) by a dotted line. 
For clarity the weaker shock and expansion waves, created by the intersection of the 
major shock waves with the dividing streamline, a r e  not shown in this figure. In order 
to study the near-region mixing problem, data were considered no longer useful for this 
study when the mixing either progressed upward into the boundary layer on the top sur- 
face of the duct or downward into the wake region created by the trailing edge between 
the first and second nozzle. Figure 5(b) is a sketch of the experimentally determined 
flow field, with the mixing zone between the first injection nozzle and the primary air- 
st ream replacing the dividing streamline. Useful mixing data were taken at three sta- 
tions upstream and downstream of the intersection between the second shock wave and 
the reflection of the first shock wave. 
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Since the injection nozzles and subsequent shock 
7 
I I. 
system were designed for a ratio of secondary- to primary-airstream total pressure of 
3.34, operation at pt 2/pt 1 of 4.00 and 2.67 represented off-design conditions at which 
the injection nozzles were underexpanded or overexpanded. 
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Static- Pressure Distributions 
An attempt was made to measure static pressure through the mixing zone by 
replacing the tip of the pitot probes with a tip suitable for measuring static pressure, 
but the accuracy was  questionable upstream of the shock waves where the static pres- 
sures  were low. The local static pressures above and below the mixing zone were there- 
fore determined by using the pitot readings, the predicted total pressures listed in fig- 
ure  5(a), and the tables of reference 4. It is believed that this procedure provided the 
most accurate prediction of the actual static pressures and Mach numbers that could be 
obtained. The experimental Mach numbers were not necessarily the same as the theo- 
retical Mach numbers because extraneous expansion or  compression waves passed through 
the mixing zone. When these waves produced a difference between the local static pres- 
sures  on either side of the mixing zone at any given survey location, the static-pressure 
profile through the mixing zone was estimated by examining the pitot-pressure profile 
for discontinuities that might have caused a static-pressure change. 
The estimated static pressure in the flow field on either side of the mixing zone 
along with the average of the static pressures measured along the center line and on 
either side of the center line of the top surface of the duct a re  plotted in figure 6 as func- 
tions of x/d (see solid and dashed curves, respectively). In addition, the static-pressure 
distribution predicted along the top surface of the rectangular duct from the inviscid 
design of figure 5(a) is given by the straight dashed lines in figure 6(a). As shown in fig- 
ure  6(a), the static pressures measured on the top surface of the duct are in good agree- 
ment with the predicted pressure ahead of the first shock wave, but increase above the 
predicted pressure behind the first shock wave before dropping back to the predicted level. 
The maximum pressure r i se  behind the first shock, occurring at x/d = 10.5, represents 
the pressure r ise  that would be caused by an additional incident and reflected shock wave 
having a turning angle of 4.0°. The difference between the static pressure measured at 
the exit of the first nozzle and the pressure estimated on either side of the mixing region 
at x/d = 1.9 corresponds to the pressure rise across a shock wave having a turning 
angle of 3.5O. The indication is that a shock wave was formed along the lower surface of 
the first nozzle in the region upstream of x/d = 0, as designated in figure 5(b), and that 
this wave was followed by an expansion wave causing a return to the predicted static pres- 
sure behind the first  shock wave. 
Knowledge of the presence of this extra shock wave and expansion wave influenced 
the fairing of the solid curve (fig. 6(a)) through the static pressures estimated on either 
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side of the mixing zone such that the static pressure peaks between values of x/d of 
7.8 and 8.8 and then drops through an expansion at a value of x/d of about 9.5 to the 
same pressure that existed at x/d = 1.9. The scatter in the static-pressure points on 
either side of the mixing zone at values of x/d of 5.8 and 9.0 was  caused by the extra 
shock or expansion wave passing through the mixing zone at these stations. Repeated 
tests indicated that static pressures at these stations were  very sensitive to slight 
changes in the location of the extra shock and expansion waves formed within the first 
nozzle. Similar trends were present at the conditions pt 2/pt 
pt,2/pt,1 = 2.67 in figures 6@) and 6(c), respectively. T i e  ovkrstrengths of the extra 
shock wave and expansion wave formed within the first nozzle at values of pt 2/pt,1 of 
4.00, 3.34, and 2.67 were estimated to be about 4.5', 3.5O, and 1.50 of flow turning, 
respectively. 
= 4.0 and 
Y .  
Mach Number Distributions 
Mach numbers along the top surface of the duct and on either side of the mixing 
zone, computed from the static pressures presented in figure 6 and the predicted total 
pressures listed in figure 5, a r e  shown in figure 7 as functions of x/d. Evidence of the 
extra shock and expansion waves developed in the first nozzle may be seen in figure 7(a) 
for  p t ,~ /p t ,1  = 3.34; behind the first shock wave the Mach number along the top surface 
of the duct decreases well below the predicted Mach number and then increases to the 
predicted Mach number before the second shock wave is encountered. 
a r e  given in figures 7@) and 7(c) for the off-design conditions at pt,2/pt,1 = 4.0 and 
pt,2/pt,1 = 2.67. The differences between the Mach numbers in the primary and secondary 
airstreams at values of pt,2/pt,l of 4.0, 3.34, and 2.67 are approximately 1.00, 0.90, 
and 0.75, respectively, with resulting ratios of secondary- to primary-airstream mass 
flux of 1.59, 1.50, and 1.38, respectively. Typical static-pressure and Mach number vari- 
ations across the top surface of the duct a r e  given in figure 8 for pt 2 / p t , ~  = 3.34. This 
figure indicates little departure from two-dimensional flow. The greatest changes across 
the duct occur at x/d = 8.75 and x/d = 17.4, which a re  located close to regions of 
rapidly changing pressure. 
Similar results 
Schlieren Photographs 
Schlieren photographs are shown in figure 9 at the three operating conditions corre- 
sponding to values of pt 2/pt,l of 4.00, 3.34, and 2.67 and also at pt,2/pt,1 = 3.34 with 
three different probes inktalled in the model survey stations at x/d of 5.8, 9.0, and 
15.0. 
mounted in the sidewalls (fig. 1). The incident and reflected shock waves originating from 
the first nozzle appear in the most upstream window. The mixing region between the pri- 
mary stream and the secondary stream of the first nozzle is indicated in figure 9(a). 
The shock system within the duct is viewed through the first four of the five windows 
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Experimental Mixing Profiles 
Velocity profiles were computed through the mixing zone from measured pitot- 
pressure surveys and from static pressures  that were estimated on either side of the 
mixing zone (fig. 6) and faired through the mixing zone. The average measured total 
temperatures used in the calculations were 289O K in the primary s t ream and 2970 K, 
295O K, ind 293O K at values of pt 2/pt 1 of 4.00, 3.34, and 2.67, respectively, in  the 
secondary stream. The total temperature profile through the mixing zone was assumed 
to have a shape similar to a near-region concentration profile predicted by reference 1. 
I 
Since the computer program of reference 1 required a constant static pressure nor- 
mal to the flow direction, it was desirable to have each experimentally derived velocity 
profile correspond to a constant static pressure.  Therefore, each point of each experi- 
mentally derived velocity profile was subjected to an isentropic expansion or compression 
sufficient to adjust the original static pressure to a constant static pressure shown by the 
symbols in figure 10. To maintain the conservation of mass, this adjustment yielded a 
change in both the velocity at each point and the distance between each point. The data 
reduction process was computerized from equations in reference 4, and the results are 
tabulated in appendix A. 
velocity profiles, as shown by the small difference in V and VA in appendix A. 
The velocity profiles adjusted to a constant static pressure a re  plotted in figure 11 
for values of pt 2/pt 1 of 4.00, 3.34, and 2.67 for all the survey stations. The dashed 
lines indicate the adjusted velocities ascribed to the primary and secondary s t reams out- 
side the mixing region. The decrease in velocity between the primary and secondary 
s t reams is a result of the boundary-layer wake formed on the upper and lower surfaces 
of the top portion of the first injection nozzle. This wake w a s  large enough to produce a 
decrease in velocity from the primary-stream velocity at the most downstream survey 
station of x/d = 16.0. There was little difference noted between the mixing rates at 
values of pt,2/pt,1 of 4.0, 3i34, and 2.67. However, all three conditions a r e  presented 
here and the data a r e  subsequently compared with the theoretical results in order to bet- 
ter validate the repeatability of the data and to aid in establishing trends between the data 
and theoretical calculations. 
This static-pressure adjustment had only a small effect on the 
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Theoretical Mixing Models 
A method for predicting two-dimensional or  axisymmetric mixing between two gases 
was developed and programed to operate on a high-speed digital computer. A detailed 
description of the theoretical method is given in reference 1. The program was intended 
to predict diffusion-controlled equilibrium combustion between hydrogen and air for 
supersonic combustion applications, but.will calculate the mixing between two airs t reams 
by providing for a mixture of oxygen and nitrogen in both streams. A schematic of the 
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flow field used by the computer program is given in figure 12. Input parameters required 
by the computer program a r e  the initial velocity, temperature, and concentration profiles 
extending from the center of the injected gas stream to the free-stream conditions of the 
primary fluid. The axial static pressure is specified by a third-order polynomial written 
along the S-axis while the static pressure in the y-direction (at any particular value of s) 
is required to be constant. (See fig. 12.) The S-axis l ies along the streamline originating 
at the center of the injection nozzle. Constant input parameters required are the turbu- 
lent Prandtl number, the Lewis number, and an empirical eddy-viscosity coefficient (K). 
The basic operation of the program solution is to separate the flow field into stream tubes 
equal to the number of input points along the velocity profile and to perform the required 
computations on each s t ream tube in the axial direction at small  increments of s. 
For a given set of initial input conditions, the parameter that controls the rate of 
mixing between the two parallel s t reams is the eddy viscosity E .  The eddy-viscosity 
model employed by the computer program as described in reference 1 is given by 
where K is the empirical eddy-viscosity coefficient and is input to the computer pro- 
gram as a constant. The parameter r112 is a distance measured in the y-direction and 
is defined and computed by the computer program as the distance measured from the 
streamline originating a t  the center of the injection nozzle (S-axis) to the point on the 
velocity profile where the velocity is the average of the primary and secondary free- 
stream velocities. The factor @V)& is taken along the s-axis (at y = 0) and is initially 
computed from the input velocity and temperature profiles. Within the near region the 
value of @V), is not affected by the mixing process but is only a function of the axial 
static pressure. 
solution, the initial value of r 
the constant K must be selected which is compatible with the value of r 1/2 in order to 
obtain a correct prediction of the mixing rate. 
initial value of the product K1-112. Therefore, for  a given mixing situation and with r 
defined by the radius or  half-height of the injection nozzle, the required value of K 
becomes a function of the geometric s ize  of the injection nozzle. It should be noted that 
this viscosity model was formulated from considerations of the far-region mixing only by 
ignoring the near region as being small. 
In using this viscosity model for the two-dimensional near-region mixing 
can be selected arbitrarily; however, then a value of 1 /2 
Thus, the solution is dependent on the 
1 /2 
Unpublished results of a Langley Research Center investigation of the axisymmetric 
mixing between two airs t reams within the near and far regions without shock waves indi- 
cate that theoretical solutions based on the viscosity model defined by the parameter T ~ / ~  
will not allow for the required increase in E to predict. the experimental mixing data 
for both near and far regions by the use of a constant value of K. A mixing parameter 
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J has been suggested as a replacement for 1-112 to  provide a more reasonable solution 
fo r  both the near- and far-region mixing. The parameter J, shown in figure 12, is 
defined as the distance measured from the point where the velocity is 0.05 (v2 - VI) 
away from the secondary free-stream velocity to the point where the velocity is the aver- 
age of the primary and secondary free-stream velocities. The immediately obvious dif- 
ference between the parameters J and 1-112 is that within the near region the param- 
eter J is dependent only on the shape of the velocity profile through the mixing region 
while the parameter r1/2 is a function of both the velocity profile and the height or 
radius of the injection nozzle. Thus, the viscosity model defined by the parameter J is 
considered to be more consistent with the near-region mixing phenomena. The experi- 
mental data of this investigation have been correlated with theoretical solutions based on 
both the parameters r1/2 and J. 
Computer Program Input 
To adapt the theoretical flow model to the present experiment, the s-coordinate was  
located along the center streamline of the secondary-stream nozzle, with a resulting 
value of '112 at x/d of 0 equal to the half-height of the nozzle (0.66 cm). Experimen- 
tal velocity and temperature profiles at the most upstream survey station of x/d = 1.9 
were used as input to the computer program, and the experimental data at the downstream 
stations were correlated with the theoretical predictions. At x/d = 1.9 the computed 
value of '112 was 0.592 cm, while the computedvalue of J at pt,2/pt,1 = 3.34 was 
0.061 cm. Figure 13 gives the experimental velocity data from which the input to the 
computer program was derived. The velocity profile generated by the computer solution 
at the initial station is also presented for comparison. With a good estimation of the 
velocity profile through the boundary-layer wake at x/d = 0, the computer solution could 
be initiated at that station. 
possible the appropriate value of the empirical eddy-viscosity coefficient from the experi- 
mental data and the subsequent quality of the theoretical predictions at the downstream 
survey stations, the solution was  initiated by using the most upstream experimentally 
derived velocity profiles. All the mixing data were correlated with the theory by com- 
paring the velocity profiles in the nondimensionalized form as given in figure 13. It 
should be noted that the origin of the yi-coordinate is arbi t rary and that the velocity pro- 
files corresponding to the three values of pt,2/pt, 
to  each other to facilitate comparison at the different total-pressure ratios. 
correlations the Prandtl number and Lewis number were set equal to 0.7 to yield a 
Schmidt number equal to unity. 
However, for the purpose of determining as accurately as 
a r e  arbitrari ly positioned relative 
For these 
The axial static-pressure distributions used in the theoretical mixing calculations 
a r e  given in figure 10. The symbols represent the constant static pressures  across  the 
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mixing zone associated with the velocity profiles of figure 11. 
pressure distributions were considered in attempts to correlate the theoretical method 
with the data for the purpose of determining the sensitivity of the theoretical calculations 
to the pressure path. These static-pressure distributions a r e  presented in figure 10 as 
methods A and B. 
duct, whereas in method B the static pressure was held constant starting at x/d = 6.1, 
then underwent a step change at x/d = 12.5 where the shock waves crossed in fig- 
ure  5(a), and was  again held constant behind the shock system. The step change of 
method B at x/d = 12.5 represents the pressure r ise  through the two shock waves 
separating bays 2 and 3 from bays 6 and 7 (fig. 5(a)). The pressure rise was negotiated 
by taking each point of the flow field from the computer program output at x/d = 12.5 
and calculating across  two shock waves of sufficient strength to accomplish the desired 
static-pressure rise.  
a r e  given in appendix B. 
Two se ts  of static- 
Method A utilized a continuous static-pressure r i se  throughout the 
The procedure for these calculations and a table of results obtained 
Method B of handling the theoretical calculations through the duct having internal 
shock waves is considered to be the more realistic, particularly since figure 6 indicates 
that the static pressure ahead of the shock system is about the same as the pressure 
occurring at  x/d = 1.9. Method A is considered a simplified means of effecting the theo- 
retical calculations. 
used in the theoretical computations differed from the static pressure associated with the 
experimental data (symboled data of fig. lo), the velocity profiles computed by the theory 
were isentropically adjusted to correspond to the static pressure indicated by the sym- 
boled data. 
results in a slight change in both the velocity and the yi-coordinates of the velocity 
profile. 
In both methods at each survey station where the static pressure 
This operation is similar to that performed on the data of figure 11 and 
Correlations of Theoretical Mixing Computations 
With Experimental Data 
Correlating the theoretical solutions based on the parameter r1/2 with the data 
ahead of the shock system (at stations x/d of 5.8 and 9.0) yielded a value for the empir- 
ical eddy-viscosity constant K of 0.0013. The eddy viscosities computed from 
methods A and B were essentially the same, and no plottable difference was noted between 
the velocity profiles from the two methods upstream or downstream of the shock system. 
The theoretical velocity profiles computed from method B ahead of the shock system and 
the velocity profiles computed behind the shock waves as given in appendix B a r e  shown in 
figure 14. The stream-tube compression and associated decrease in mixing width caused 
by crossing the shock waves may be seen by comparing the velocity profiles to  either side 
of the shock system. The tables of appendix B indicate an average turning through each 
13 
of the two shock waves of about 5.1°. If the static pressure ahead of the shock waves 
(fig. 10) had been held constant and equal to  the static pressure at x/d = 1.9 the com- 
puted turning through each of the two shock waves would have been increased by 0.75O to 
1.00. The similar resul ts  obtained from the theoretical solutions using the axial static- 
pressure distributions of methods A and B (fig. 10) could be attributed to  the low entropy 
gain associated with the shock waves. Lf higher entropy gains were encountered through 
stronger shock waves, the solutions of methods A and B might not agree as well. 
Comparisons between the theoretical velocity profiles and the experimental data 
points based on the parameter 1-112 in the eddy-viscosity model and a value of K of 
0.0013 upstream, downstream, and through the shock wave region a r e  given in figure 15. 
Satisfactory agreement was obtained between the theory and experimental data upstream 
of the shock waves (figs. 15(a) and 15(b)) with respect to both the mixing width and the 
velocity decrement. However, poor correlations were obtained between the theoretical 
velocity profiles and experimental data a t  stations of x/d of 14.0, 15.0, and 16.0 down- 
stream of the shock waves (figs. 15(c), 15(d), and 15(e)) because the theoretical solution 
did not provide for enough mixing to match either the velocity decrement or the mixing 
width of any of the experimental velocity profiles behind the shock waves. 
conclusion that may be drawn is that the rate of mixing is influenced by the shock waves. 
This influence could either extend downstream of the shock waves o r  be locally confined 
to the a rea  of the interaction between the shock waves and the mixing region. 
The immediate 
Two additional attempts were made to correlate the data behind the shock waves 
with the theoretical solution based on the parameter r1/2 in the eddy-viscosity model. 
The f i rs t  assumed an influence of the shock waves on the rate  of mixing extending down- 
stream of the shock waves. The empirical eddy-viscosity coefficient K was thus 
increased, starting a t  x/d = 12.5, to the value required to obtain the best correlation a t  
the survey station of x/d = 15.0. The resultant K increased by a factor of about 5 
from 0.0013 to 0.0061, with a corresponding increase occurring in the eddy viscosity E 
behind the shock waves. 
figure 16 by the solid lines up to x/d = 10.2 and by the dashed curves beyond 
x/d = 10.2. However, the resultant theoretical velocity profiles, compared with the 
experimental data in figure 17, underpredicted the mixing width at x/d = 14.0 (fig. 17(a)) 
and overpredicted the mixing width at x/d of 16.0 (fig. 17(c)). It appears that the value 
of K, and thus the mixing rate in the region of the survey stations, is too high to simul- 
taneously correlate the data at stations x/d of 14.0, 15.0, and 16.0. 
The resulting axial eddy-viscosity distributions a r e  given in 
The final attempt to  correlate the data behind the shock waves with the theoretical 
solution based on r1/2 assumed only a local influence of the shock waves on the rate of 
mixing confined to the a rea  where the shock waves c ross  the mixing region. The empiri- 
cal eddy-viscosity coefficient K was thus increased for a distance corresponding to the 
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sum of the lengths of the two segments of mixing region intercepted by the two shock 
waves (a distance x/d of about 3.6), while K remained equal to 0.0013 on each side 
of this region. The increased value of K over the interaction region x/d of 3.6 was 
determined so as to again obtain the best correlation at the survey station of x/d = 15.0. 
The required value of K increased by a factor of 3.5 from 0.0013 to 0.0046, with a simi- 
lar increase occurring in the eddy viscosity over the region of interaction. The theoreti- 
cal solution yielded axial eddy-viscosity distributions as given in figure 16 by the solid 
curves. The resulting theoretical velocity profiles are compared with the experimental 
data at values of x/d of 14.0, 15.0, and 16.0 in figure 18. It is believed that these 
correlations represent the best that may be obtained from a theoretical solution as given 
by the method of reference 1. 
the shock waves thus appears to  be the most correct representation for the extent of the 
effect of the shock waves on the mixing based on the parameter r1/2 in the eddy- 
viscosity model. 
the effect of shock waves on mixing; a localized increase in mixing through a normal 
shock wave was found. 
The localized increase in mixing rate in  the vicinity of 
In this regard, reference 5 represents an early attempt to  determine 
The theoretical solutions employing the eddy-viscosity model based on the pa-- L a i c * -  
e ter  J produced acceptable correlations with the data both upstream and downstream of 
the shock system at a constant value of K in the eddy-viscosity model. The resuItinl; 
axial eddy-viscosity distributions obtained with K = 0.0065 are given in figure 19 and 
show a continuously increasing eddy viscosity with axial distance through the duct, the 
implication being that the shock waves have no effect on mixing. 
contrast to  the optimum theoretical solution based on the parameter r1/2 given by the 
solid lines of figure 16. The parameter r112 had allowed little change in eddy viscos- 
ity with x/d, other than that imposed by a change in the constant K, to account for a 
localized increase in the mixing rate attributed to  the presence of the shock waves. 
pt,2/pt,l = 3.34 the two solutions yield eddy viscosities from about 3.4 X 10-3 to  
12 x 10-3 N-sec/mZ, while solutions correlated with the subsonic data of reference 6 and 
the supersonic data of reference 7 (both being two-dimensional near-region air-in-air 
mixing data) yield eddy viscosities of 7 X 10-3 and 4 X 10-3 N-sec/m2, respectively. 
The velocity profiles from the theoretical solutions based on the parameter J are 
given in figure 20 by the solid curves and a r e  also compared with the best previous theo- 
retical solution based on the parameter from figures 15(a) and (b) and figure 18. 
Little difference was noted between the two theoretical solutions a t  stations of x/d of 
9.0 and 15.0. It is believed that the dashed curves provided the better correlations with 
the experimental data a t  x/d of 5.8, 14.0, and 16.0; however, the overall correlations 
represented by the solid curves are good and the parameter J should be considered in 
further investigations. 




The integral of the eddy viscosity is a measure of the amount of mixing that has 
taken place to  a point along the path of mixing and is given for the solutions based on the 
parameters J and r112 in figure 21. The similarity between the velocity profiles of 
the two solutions given in figure 20 is reflected by the proximity of the solid and dashed 
curves given in figure 21; where the solid and dashed curves come together, velocity pro- 
files from the two solutions a r e  essentially the same. The nearly constant eddy viscos- 
ities of the solution based on the parameter r1/2 a r e  reflected by the straight-line 
segments forming the dashed curves. 
Having obtained the aforementioned theoretical solutions, it is possible to predict 
eddy-viscosity distributions as given by other viscosity models. As a matter of interest, 
integrated eddy viscosity and eddy-viscosity distributions corresponding to several eddy- 
viscosity models a r e  presented in figure 22. Because a value of the integrated eddy 
viscosity represents a unique solution of the velocity profile for  a given flow condition, 
it is possible to define the data points in figure 22(a) as the predicted integrated eddy 
viscosity required to correlate the experimental velocity profiles. The third model is 
a classical form of the viscosity model and gives the eddy viscosity as proportional to 
the product of the mixing width (W) and the difference between the maximum and minimum 
values of pV within the mixing region. The correlation obtained for this model is poor 
when compared with the results for the first ,  second, or fourth viscosity model. The 
fourth viscosity model was formulated by assuming the viscosity to be proportional to 
x/d raised to some power and solving for the exponent of x/d and the constant K to 
obtain the best agreement with the data. This model correlated the data well because of 
the two variables within the equation. 
assumes the eddy viscosity to be a constant; this model yields the poorest correlation 
with the data points. The fifth eddy-viscosity model could approach the results of the 
f i r s t  eddy-viscosity model by setting the eddy viscosity equal to a constant of 0.0036 
upstream and downstream of the shock region, with a step increase to 0.011 in the region 
of the shock waves. 
The fifth model is of the simplest form and 
Summary of Mixing Correlations 
Theoretical mixing solutions based on different eddy-viscosity models have been 
presented and successfully correlated with experimental velocity data upstream and 
downstream of two shock waves. The first  solution, based on the parameter 1-112 in 
the eddy-viscosity model, yields a near-constant eddy viscosity for a given value of the 
empirical constant K in the eddy-viscosity model and requires an increase in K and 
thus in eddy viscosity in the region of the shock waves to correlate with the experimental 
data. This result implies a contribution of the shock waves on the local rate of mixing 
16 
possibly brought about by highly distorted velocity profiles in the region where the shock 
waves pass through'the mixing zone. However, the second solution, based on the param- 
eter  J in  the eddy-viscosity model, and the fourth viscosity model presented in fig- 
ure  22 yield a continuously increasing eddy viscosity at a constant value of K to produce 
velocity profiles that will correlate with the experimental data. These solutions thus 
indicate a need for an increase in eddy viscosity, but not necessarily an increase that is 
brought about by shock waves. The question that remains is whether the increase in eddy 
viscosity given in figures 16 and 19 is required by the presence of the shock waves or is a 
normal consequence of the near-region mixing phenomena. It is believed that comparison 
between experimental mixing data taken in a similar flow field with and without shock 
waves is required to  resolve this question. 
A summary of the theoretical solutions and experimental data is given in figure 23 
in the form of the width of the velocity profile as a function of the distance through the 
duct. In order to isolate the effect of static pressure on the width of the velocity profiles, 
the mixing widths predicted by the theoretical curves and experimental data of figures 13, 
15, and 20 were isentropically adjusted, satisfying the conservation of mass, to the con- 
stant static pressures given by the solid curves of figure 10 upstream and downstream of 
x/d = 12.5. 
solid curve downstream of the shock region correspond to the average theoretical mixing 
width based on the parameter r1/2 and a constant value of K. The upper solid curve 
downstream of the shock region represents the solution obtained by increasing the value 
of K in the region of the shock waves (see fig. 16). The dashed curve represents the 
theoretical solution based on the parameter J in the eddy-viscosity model. The 
difference between the two solid curves downstream of the shock region corresponds to 
a 40-percent increase in the mixing width which was required to correlate the data; this 
result implies that the shock waves accelerate the mixing. However, as w a s  stated pre- 
viously and is supported in this figure, the solution based on J in the eddy-viscosity 
model provides a reasonable correlation with the experimental data when K is held 
constant over the full length of the mixing region; this result implies that the shock waves 
had no effect on the mixing. 
The solid curve of figure 23 upstream of the shock region and the lower 
CONCLUSIONS 
The experimental investigation of near-region momentum diffusion between two 
supersonic s t reams in the presence of shock waves and subsequent correlations with 
computerized theoretical predictions yielded the following results: 
1. Good correlations were obtained between the experimental data ahead of the 
shock waves and the theoretical solution based on the eddy-viscosity model involving the 
17 
distance from the injection-nozzle center line to  the point where the velocity is the aver- 
age of the primary and secondary free-stream velocities. A value of 0.0013 was required 
for the empirical constant in  the eddy-viscosity model. The solution yielded a nearly 
constant eddy viscosity upstream of the shock waves. In order to correlate this theo- 
retical solution with the experimental data downstream of the shock waves, it was neces- 
s a ry  to increase the eddy-viscosity constant by a factor of 3.5 over the total longitudinal 
distance within the mixing region intercepted by the two shock waves (3.6 nozzle-exit 
heights). This increase in the eddy-viscosity constant produced a 40-percent increase 
in the mixing width and resulted in a correlation with measured values. 
2. An acceptable correlation was obtained between the experimental data and the 
theoretical solution based on a second eddy-viscosity model involving the distance mea- 
sured from the edge of the mixing region next to the secondary flow to the point where 
the velocity is the average of the primary and secondary free-stream velocities. This 
solution required a value of eddy-viscosity constant of 0.0065, which was held constant 
throughout the fu l l  length of the mixing region without regard to the presence of the shock 
waves. The second model yielded a continuously increasing eddy viscosity throughout 
the length of the duct. 
3. The two theoretical solutions based on different eddy-viscosity models yield an 
increase in eddy viscosity, but place contradicting emphasis on the presence of the shock 
waves. The f i rs t  solution yields a relatively constant eddy viscosity with a local increase 
in eddy viscosity required by the presence of the shock waves, while the second solution 
implies a general requirement of increasing eddy viscosity within the near region inde- 
pendent of the shock waves. 
4.  The two theoretical solutions yielded an average eddy viscosity upstream of the 
shock waves of about 3.4 X 10-3 N-sec/m2 and in the vicinity of the shock waves of about 
12.0 X N-seclmB. Theoretical solutions correlated with supersonic and subsonic 
data of two previous investigations yielded eddy viscosities of about 4 X 
7 X N-sec/m2, respectively. 
and 
Langley Research Center, 
National Aeronautics and Space Administration, 




pt,2 = 342.0, 
TABULATION OF DATA THROUGH MIXING REGION 
(a) Region ahead of shock waves; x/d = 1.9 
T t , l  = 288.1, t ,2  = 294.2, p, = 1.20 
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= 4.00; pt.l = 88.3, pt.2 = 353.7, T t , l  = 288.1, 







































































































































































































































































































































































































































pt,2 = 342.0, Tt,l 
TABULATION O F  DATA THROUGH MDIING REGION - Continued 
(b) Region ahead of shock waves; x/d = 5.8 
= 288.1, Tt,2 = 294.2, pc = 1.41 
= 4.00; pt,l = 80.3, pt,2 = 357.2, Tt,l = 288.1, Tt,2 = 296.4, Pc = 1.33 















































































































































































































































































































































































































TABULATION OF DATA THROUGH MMMG REGION - Continued 
( c )  Region ahead of shock waves; x/d = 9.0 































































































































































































































































































































= 3.34: pt.l = 102.7, pt,Z = 274.8, Tt.l = 





















































































TABULATION OF DATA THROUGH MIXING REGION - Continued 
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TABULATION OF DATA THROUGH MDCMG REGION - Continued 
(e) Region behind shock waves; x/d = 15.0 





































































































































































































































































































































































































































































































































= 3.34; P ~ , ~  = 102.0, P ~ , ~  = 340.6, T t , l  888.1, Tt,z = 294.2, p, = 3.31 
APPENDIX A 
TABULATION OF DATA THROUGH MIXING REGION - Concluded 
(fJ Region behind shock waves; x/d = 16.0 
I ~. 

























































































































































































































































































































































































































































PROCEDURE FOR COMPUTATIONS ACROSS A TWO-WAVE SHOCK SYSTEM 
AND TABULATION OF RESULTS 
At the design operating condition of pt,2/pt 1 = 3.34, the inviscid shock system 
7 
(see fig. 5(a)) consists of two intersecting oblique shock waves, namely, the reflection of 
the initial shock wave and the second shock wave. Since the Mach numbers of the pri-  
mary and secondary airs t reams differ, an additional weak expansion or compression 
wave is required wherever the inviscid dividing streamline passes through a shock wave 
in order to achieve equilibrium of both the static pressures  and the flow directions 
downstream of the shock waves. 
erated into a mixing region about 0.8 cm wide, across  which the upstream Mach number 
varies from about 3.2 to 4.3. In order to achieve equilibrium this flow pattern requires 
a complicated system of weak expansion and compression waves originating within the 
mixing region. 
In actuality, the inviscid dividing streamline has degen- 
The required system of weak waves becomes cumbersome to calculate, so a 
simplified procedure w a s  devised to compute the shock system necessary to produce 
the downstream flow field starting from the mixing zone ahead of the shock system. 
This procedure consisted of combining the effects of the two effective shock waves of 
approximately equal strength. 
erence 8, to accomplish the required static-pressure rise from pa to pd. Using 
measured flow conditions a t  upstream survey stations as input, the computer mixing 
program provided velocity, temperature, and Mach number profiles at the x/d station 
of 12.5 immediately upstream of the shock system. The computer program also divided 
the cross-sectional a rea  of the overall mixing field into a number of sections each con- 
taining equal mass  flow. A different se t  of shock waves w a s  required for each stream- 
line within the mixing region in order to maintain a constant value of 
mass-flow sections provided a convenient se t  of streamlines for the shock-wave calcula- 
tions. Each section was compressed by the appropriate shock waves to produce 
and the associated flow properties, including a new flow a r e a  for each section, were 
calculated. 
the effective shock system which is located a t  about the middle of the region that includes 
the inviscid shock system (fig. 5(a)) and mixing zone. By using these new profiles as 
representative of the flow immediately downstream of the two effective shock waves, 
mixing calculations were made for the region downstream of x/d = 12.5. Since the 
effective shock waves themselves were relatively weak, between 4.4' and 6.00 at 
pt,2/pt,1 = 3.34, and produced little total pressure loss, .it is believed that little e r r o r  
These shock waves were chosen, by using tables of ref- 
pd. The equal- 
pd, 
The result is a one-dimensional calculation for each s t ream tube crossing 
25 
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APPENDIX B 
was engendered by using this simplified procedure to determine the flow field across  the 
shock system. 
The tables included in this appendix give the conditions from the computer solution 
at x/d = 12.5 before the effective shock waves were negotiated, the turning through the 
two effective shock waves 6b and 6,, and the conditions across  the mixing zone after 
the effective shock waves were negotiated. The origin of the yi-coordinate was arbi t rar-  





















TABULATION OF FLOW-FIELD PROPERTIES AT x/d = 12.5 BEFORE 
AND AFTER A TWO-WAVE SHOCK SYSTEM 



























































































































































































































































































































TABULATION OF FLOW-FIELD PROPERTIES AT x/d = 12.5 BEFORE 
AND AFTER A TWO-WAVE SHOCK SYSTEM - Continued 






































TABULATION OF FLOW-FIELD PROPERTIES AT x/d = 12.5 BEFORE 
AND AFTER A TWO-WAVE SHOCK SYSTEM - Concluded 
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Figure 3.- Static-pressure-orifice locations on top surface of duct. 
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Figure 4.- Sketch of pitot-pressure survey probe. 
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Pitot-pressure survey stations 
x/d = 1.9 x/d = 5.8 x/d = 9.0 x/d = 14.0, 15.0, 16.0 
(b)  Experimentally determined flow f ie ld at pt,2/pt,1 = 3.34. 




(a) pt,2pt,l = 3.34. 
Figure 6.- Static pressure th rough t h e  two-dimensional duct. 
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Figure 6.- Continued. 
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Figure 7.- Continued. 
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Figure 7.- Concluded. 
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Figure 8.- Static pressure and Mach number across top surface of two-dimensional duct at pt,pbt,l  = 3.34. 
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(d) [ = 13.97 em; Pt,2/ Pt,l = 3.34. 
(b) Pt,2/Pt,l = 3.34; [ = 1.78 em. 
(e) [ = 9.65 em; Pt,2jPt,l = 3.34. 
Figu re 9.- Seh I ieren photograph s. 
(e) Pt,2/Pt,l = 2.67; [ = 1.78 em. 
(f) [ = 1.78 em; Pt,2/Pt.l = 3.34. 
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(b) x/d = 5.8. 
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Figure 11.- Continued. 
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( f )  x/d = 16.0. 
Figure 11.- Concluded. 
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Eddy- v i s c o s i t y  models 
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Figure 12.- Schematic of flow field for t h e  theoretical solution. 
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Figure 14.- Computed velocity profi les at x/d = 12.5 before and after crossing two shock waves. E = Krl,2(pV),+. 
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Figure 15.- Correlation of theoretical velocity profi les w i th  data. E = Krl,2(pV)+ w i th  K = 0.M113. 
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Figure 15.- Continued. 
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Figure 15.- Continued. 
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Figure 17.- Correlation of theoretical velocity profi les wi th data behind shock system. E = Krl/$pV),+, wi th K = 0.0061 starting at x/d = 12.5. 
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Figure 17.- Continued. 
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Figure 17.- Concluded. 
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Figure 18.- Correlation of theoretical velocity prof i les w i th  data behind shock system. E = Krli2(pV)g, w i th  K =0.0046 i n  the  shock region followed by K =0.0013. 
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Figure 18.- Continued. 
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Figure 19.- Theoretical eddy-viscosity distributions. E = KJ(pV)g, with K = 0.0065. 
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Figure 20.- Comparison of theoretical solutions w i th  data. 
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Figure 20.- Continued. 
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Figure 20.- Continued. 
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Figure 21.- Integral of eddy viscosity. 
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(a)  Integral  of eddy viscosities. (b) Eddy viscosities. 
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Figure 23.- Average mixing widths corresponding to constant values of static pressure o n  either side of t h e  shock system. 
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